A.A. Tsukanov, S.G. Psakhie / Advanced Biomaterials and Devices in Medicine ! (2016) 19

1

Potential of mean force analysis of short boron nitride and carbon
nanotubes insertion into cell membranes
A.A. Tsukanov1* and S.G. Psakhie2,3
2

1
Skolkovo Institute of Science and Technologies, Moscow, 143026 Russia
Institute of Strength Physics and Materials Science, Siberian Branch, Russian Academy of Sciences, Tomsk, 634055 Russia
3
Tomsk Polytechnic University, Tomsk, 634050 Russia

Tubular nanostructures made of boron nitride are of great interest for nanomedicine. In particular, single-walled boron nitride nanotubes
(BNNT) are considered as intracellular nanovectors that have good biocompatibility and potentially lower cytotoxicity than carbon
nanoparticles. However, the nanoscale mechanisms of BNNT interaction with the cell membrane remain largely unknown. In this paper a
short steered molecular dynamics study of BNNT insertion into a lipid bilayer is presented and its results are compared with the available
free energy estimations for carbon nanotube (CNT) penetration. Two BNNT models having different sets of partial atomic charges (PAC)
were utilized. Using potential of mean force analysis, the free energy profiles of CNT and two cases of BNNT were compared. The results
show that a BNNT with partial charges of ±0.4 e has a similar free energy profile to CNT, but the depth of the free energy well is about 30%
smaller than for CNT. Furthermore in contrast to membrane penetration by CNT, BNNT remains filled with water even when it is inside
the lipid interior. In the second case, BNNT with PAC of ±1.05 e demonstrates hydrophilic behavior of the nanotube, and its penetration
into the cell membrane is quite complicated. Moreover, in this case BNNT has a quasi-stable state on the lipid-water interface. The results
suggest that BNNT is less cytotoxic than pristine CNT, however, further steered molecular dynamics investigations with lower pulling
velocities and environmentally dependent PAC are necessary.
Keywords: boron nitride nanotube, cell membrane, cytotoxicity, free energy, steered molecular dynamics, potential of mean force

1. Introduction
Nanomedicine is a quickly developing research field at
the intersection of biomedicine, chemistry and nanotechnology. Ever since carbon fullerenes (in 1985) [1] and nanotubes (NT) [2] were discovered (1991), they have been
considered for biomedical applications [36]. This attention is mostly due to the unique physical properties and
geometrical structure of these nanomaterials. Besides carbon, several compounds are known to form tubular nanostructures and fullerene-like hollow nanoparticles, i.e. aluminosilicate nanotubes (imogolite), which were synthesized
in 1977 [7, 8], nanotubes based on layered tungsten disulfide, which were obtained in 1992 [9], fullerene-like nanostructures and nanotubes of other transition metal disulfides
(MoS2, WS2, TiS2, ZrS2, NbS2) [10, 11], boron nitride (BN)
nanotubes, which were predicted in 1994 [12] and synthesized in 1995 [13], boron carbon nitride (BCN) nanotubes
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[14, 15], including BCx and CNx nanotubes [16], BN fullerene analogues (fulborenes) and fulborenites [1719], aluminum oxide nanotubes and nanoballs [20], titanium dioxide nanotubes [21], vanadium oxide (V2O5) fullerene analogues [22], silicon nanotubes [23], and nanotubulenes of
other inorganic compounds [2426].
In the last decade boron nitride based nano-objects have
been receiving increased attention. Boron nitride nanotubes
in particular have potential applications in nanomedicine
(see [27] and references therein). The crystal structure of
BNNT is very similar to that of carbon nanotubes, where a
hexagonal B3N3 cycle substitutes the aromatic carbon unit.
Depending on chirality indexes BNNT, like CNT, might
have armchair, zigzag or other intermediate structure.
Nevertheless, BNNT and CNT possess different chemical
and physical properties. Due to noticeable difference in electronegativity between boron and nitrogen atoms, BNNT has
local electric dipole moments on its surface with positive
charge on boron atoms and negative charge on nitrogen (naturally, the charges balance out so the net charge is zero).
Such a charge distribution increases the interaction energy
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between the nanotube and a polar solvent, which tends to
make the nanoparticles less hydrophobic. Moreover, in contrast to CNT, BNNTs demonstrate a direct and indirect piezoelectric effect [28]. This provides BNNT with the possibility to change its electric properties and to generate electric
signals, which may be controlled, for example, by external
ultrasonic waves [29]. Furthermore, despite the structural
similarity with CNT, BNNT is chirality-independent dielectric material with a wide band gap [30]. Due to these and
other properties, BNNT has been considered for many applications, including nanovectors for intercellular drug and
gene delivery [3133], nanosensors and nanotransducers
[34], contrast agents in neutron capture anticancer therapy
[35], tissue engineering [36], and as nanofillers for composite materials [37]. In addition, BNNT and CNT demonstrate different selectivity to ion types that may pass through
the nanotube, and have therefore been suggested as artificial ion channels potentially useful for numerous biomedical applications [38]. Experimental investigations of BNNT
with applications in nanomedicine are reviewed in [27]. An
overview of theoretical studies, fabrication methods, physical properties, chemical functionalization and applications
of BNNTs can be found in [39].
Unlike CNT, nanoscale mechanisms of BNNTs interaction with biomolecules, proteins, cell membranes are mostly
unknown and poorly covered by computer simulations, including MD methods. To date, the only study that is touching on this bio-related direction is an investigation of the
stability and insertion mechanism of BNNT into the lipid
membrane, conducted by Thomas et al. using all-atom MD
and SMD simulation [40]. The results obtained there indicate that (10, 0) armchair BNNT may spontaneously embed across the head group region of the lipids, which takes
about 100 ns from the initial position of 1.5 nm above membrane surface. It was also found that BNNTs remain in the
lipophilic zone of the model POPC bilayer during the extended simulation time (about 200 ns).
The main aim of the present study is to compare the
free energy difference ∆F and the magnitude of free energy
barrier Fbarr of insertion of BNNT into a lipid bilayer with
those for CNT insertion. Short nanotubes were chosen to
avoid a multidimensionality of the problem, decreasing
dependence on initial orientation of the penetrant.
2. Review of work on carbon nanotubes
In contrast to BNNT, the free energy of interaction between CNTs and lipid membranes was previously studied
using MD. Baoukina et al. [41] conducted a broad study of
the interaction of pristine and functionalized CNTs of different length, diameter, end termination and chemical modification with a DOPC lipid bilayer. This study used coarsegrained MD simulations based on the MARTINI force field
[4244]. Pristine CNTs and CNTs having hydrophilic
groups with diameters in the range of 1.232.40 nm and

lengths from 4.1 to 9.7 nm, both separately and within aggregates, were considered. In the framework of our study
we are interested in the case of short thin non-functionalized
CNT at the lower end of the range (diameter 1.23 nm, length
4.1 nm). The magnitude of the free energy barrier for such
a CNT has an order of 110 kJ/mol, the maximum being at
a distance of 3.54.5 nm from the bilayer center, depending of the orientation of the nanotube (for pristine CNT
with length 6.5 nm Baoukina et al. [41] have obtained
Fbarr = 514 kJ/mol). The free energy minimum of about
300 kJ/mol is found near the membrane middle plane, and
this value doesnt depend on the tubes orientation, due to
the shortness of the penetrant.
Kraszewski et al. [45] considered non-functionalized
CNT and CNTs with different number of amino-derivative
ligands on the surface. In particular, the free energy profile
for the insertion of pure capped (6, 6) single-walled CNT
into a POPC lipid membrane was evaluated. The CNT model
had 0.8 nm in diameter and a length of 5 nm. A free energy
barrier of ~21 kJ/mol at the lipid/water interface and a local minimum of 88 kJ/mol at 0.30.5 nm from the membrane center were observed.
Höfinger et al. [46] evaluated environmental free energy landscapes for various orientations of single CNTs with
different lengths and CNT bundles of different size. For
this purpose, the membrane mimicry approach [47] was employed there. For short single CNT, 0.8 nm in diameter and
2.1 nm in length, the free energy barrier is about 15 kJ/mol
and is located at ~2.9 nm from the bilayer center. The free
energy minimum at 0.01.1 nm from the bilayer center has
a depth ∆F ≈ 170 kJ/mol.
Gangupomu and Capaldi [48] used all-atom MD to compute forces and the change in free energy during the penetration of a single-walled carbon nanotube (SWNT) into a
pure POPC lipid bilayer and a POPC/cholesterol membrane.
The constant-velocity steered MD (cv-SMD) approach was
applied to calculate potential mean force (PMF) profiles.
At the lowest pulling velocity (L = 1 nm/ns) the free energy
barrier of perforation of the upper lipid monolayer by a
CNT having 1 nm in diameter and 2 nm in length was estimated at about 150 kJ. This large value may be explained
by irreversible disruption of the membrane due to the relatively high velocity of the pulling process.
Pogodin and Baulin [49] estimated free energy change
during insertion of CNTs into a lipid bilayer using the single
chain mean field theory [50]. A range of CNT diameters
from 1.00 to 4.86 nm, as well as different values of the
interaction parameter εT between CNT and the hydrophobic core of the lipid bilayer were considered. Values from
εT = 0 (steric repulsion) to εT = 6.3 kBT (strong hydrophobicity) were used in the model. The free energy minimum
for the case of highly hydrophobic thin CNTs having 1 nm
in diameter was estimated at about 180 kJ/mol [49]. These
results were obtained for perpendicularly constrained nanotubes of infinite length (more than the bilayer thickness).
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Table 1. Comparison of estimates of free energy difference and barrier energy of intercalation of short and/or thin
pristine (non-functionalized) CNTs in cell membranes obtained using numerical simulations
D, nm

L, nm

∆F, kJ/mol
(kcal/mol)

Free energy minimum
position, nm

Fbarr, kJ/mol
(kcal/mol)

Barrier maximum
position, nm

[41]

1.23

4.10

300 (72)

≈0.0

~10 (2.5)

3.54.5

[45]

0.80

5.00

88 (21)

0.30.5

20.5 (4.9)

2.02.5

[46]

0.80

2.10

167 (40)

0.01.1

14.6 (3.5)

≈2.9

[48]

1.00

2.00





146 (35)



[49]

1.00

3.77*

180 (72.1kBT)

1.255**

≈0

∞

(C60) [51]

0.70

0.70

92 (22)

0.60.7

≈0

∞

This study CNT

0.68

1.11

103 (25)

0.70.8

3.36.3

2.52.6

This study BNNT
Case 1, q ± 0.40 e

0.69

1.13

72 (17)

0.71.0

020

2.12.3

This study BNNT
Case 2, q ± 1.05 e

0.69

1.13

11 (2.7)

2.42.6

105 (25)

≈0

Study

* Length of inserted part of the nanotube.
** Center of mass position of the inserted part of the nanotube.
Bold font marks values that are explicitly reported in the respective study.
Table 2. Models parameters of the numerical studies in this review
Chirality, open (O) /
capped (C)

Model
level

Base FF (if applicable) and
carbon LJ parameters

Membrane
model

T, K

Method

[41]

(CG), C

CG

MARTINI [4244]

DOPC (648 pcs.)

310

US

[45]

(6, 6), C

AA/UA

CHARMM27-UA
σ = 0.3895 nm [52]
ε = 0.276 kJ/mol

POPC (180 pcs.)
0.649 nm2 per lipid

300

ABF [53, 54]

[46]

(10, 0), C

AA/MMA

AMBER
σ = 0.3400 nm
ε = 0.360 kJ/mol

MMA [47]



[48]

(, ), O

AA

CHARMM
σ = not shown
ε = not shown

POPC (200 pcs.)

310

[49]

Cylinder

SCMF/CG

SCMF
εT = 6.3kBT

DMPC

[51]

C60 fullerene

AA

CHARMM27
σ = 0.3895 nm [52]
ε = 0.276 kJ/mol

DMPC (52 pcs.)
0.618 nm2 per lipid

310

z-constrained
MD

[@]/CNT

(5, 5), O

AA/UA [55]

CHARMM36-UA
σ = 0.3534 nm [56]
ε = 0.2929 kJ/mol

POPC (104 pcs.)
0.633 nm2 per lipid

310

cv-SMD
L = 0.05 nm/ns

[@]/BNNT1

(5, 5), O

AA/UA

CHARMM36-UA

POPC (104 pcs.)
0.632 nm2 per lipid

310

cv-SMD
L = 0.05 nm/ns

[@]/BNNT2

(5, 5), O

AA/UA

CHARMM36-UA

POPC (104 pcs.)
0.649 nm2 per lipid

310

cv-SMD
L = 0.05 nm/ns

Study

cv-SMD
L = 1.00 nm/ns

Minimization
in kBT
of the free energy
(~301 K)
functional

[@]means this study, AAall-atom MD simulation, UAunited atom model (implicit hydrogen in acyl lipid chains), CGcoarsegrained MD simulation, FFforce field, MMAmembrane mimicry approach [47], cv-SMDconstant velocity steered MD, SCMF
single chain mean field theory [50]. LJLennard-Jones parameters, USumbrella sampling [57], ABFadaptive biasing force
method [53, 54].
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Fig. 1. PMF profiles versus distance of nanotube center of mass from bilayer center, cv-SMD result with L = 0.05 nm/ns. Blue curve
(5, 5) BNNT with partial charges ±0.4 e (set #1), redBNNT with charges ±1.05 e (set #2), dashed black line(5, 5) CNT. The red and
green rectangles approximately show, respectively, the local free energy minimum and the free energy barrier from results of [45]. The
purple rectangle is placed according to [51], the dark-blue square indicates the free energy barrier estimated in [46], the orange square
roughly indicates the energy barrier from [41]. Background shading: bluewater, yellowlipid head groups region, whitelipophilic
zone.

Obviously, the free energy profile would be different for
finite-length CNTs with rotational freedom. However, based
on Pogodin and Baulin issues we could roughly define the
position of the free energy minimum, assuming that the
length of the inserted portion is a CNT length and that CNT
position is the position of the center of mass of the inserted
fragment. Thus, the position of F minimum would be
1.255 nm from the bilayer middle plane.
Summarizing the above review, we find that the free
energy of penetration of short and thin carbon nanotubes
into cell membranes has been estimated to be 88300 kJ/mol
in magnitude, depending on size and orientation of the penetrant (Table 1). The first free energy barrier varies from
~10 to 21 kJ/mol, however, barrier-less insertion (Fbarr ~
0) and large barriers of up to 150 kJ/mol have also been
reported. The latter value corresponds to the energy required
to perforate a lipid monolayer (single leaflet), most likely
in an irreversible process [48], which is why we do not take
this study into account. The results mentioned in [41, 45,
46, 48, 49] as well as our own results are presented in
Table 1, the corresponding model parameters are summarized in Table 2.
In the present study, in addition to our primary objective, we simulated the translocation of a short (5, 5) carbon
SWNT into a lipid bilayer. A single 80 ns long SMD simulation was performed. The results of PMF profile evaluation are presented in Fig. 1 as a dashed black line. (The

blue and red curves correspond to two different sets of boron nitride NTs and will be discussed further in the next.) A
rough estimate of the free energy minimum for (5, 5) CNT
∆FCNT: 103 kJ/mol, reached 0.70.8 nm from the bilayer
center (Fig. 1, black dashed curve). Due to the short length
of the considered CNT, its behavior should be very similar
to that of fullerenes C60. If we compare our results with the
results for C60 obtained by Bedrov et al. [51] (∆FC60 =
92 kJ/mol, observed around 0.60.7 nm from the center),
we find them in good agreement.
Note also, that according to an approximate rule from
[45], the free energy barrier of pristine capped CNT translocation into a lipid bilayer can be roughly estimated as
~1 kcal/mol per 1 nm of length and per 1 nm in diameter,
* ~
which in our case results in an estimation of Fbarr
1.11×0.68 kcal/mol ~ 3.2 kJ/mol, while in our simulation
this value is Fbarr ~ 3.3 kJ/mol from the initial free energy
level or ~6.3 kJ/mol from the first local minimum observed
at the position 2.93.0 nm (Fig. 1, black dashed curve).
Thus, our estimation of the free energy profile for CNT
does not contradict any published data for similar conditions. The obtained value of ∆F is in good agreement with
results of [45, 51], the obtained magnitude of the barrier
Fbarr is in between the results of [49, 51] and [41, 46] (see
Fig. 1). In the following, we will use the evaluated PMF
profile for CNT as a control line to compare the BNNT
results with.
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Fig. 2. Insertion of short (5, 5) nanotubes into a POPC lipid membrane during the pulling procedure of constant-velocity SMD simulation: (a) CNT, no water observed inside the CNT when it is in the lipophilic bilayer region, (b) BNNT (case ±0.4 e), BNNT brings 4
5 water molecules inside, (c) BNNT (case ±1.05 e), in this case BNNT behavior is hydrophilic, the hydrated shell around nanotube
complicates the permeation into the lipophilic region of bilayer. Axes for time and ∆z are only for the snapshots in (b).

3. Boron nitride nanotubes: results and discussion
The partial atomic charges of BNNT are strongly environmentally dependent, as was demonstrated in [58] by
using density functional theory (DFT). In particular, it was
shown that partial charges on boron and nitrogen atoms may
vary from ±0.37 e to ±1.05 e depending on both nanotube
radius and the presence of water molecules inside the nanotube. In case of (5, 5) BNNT in vacuum, boron atoms had
partial charges of 0.4 e and nitrogen atoms had partial

charges of 0.4 e, whereas BNNT that contained 57 water
molecules inside, have a strong electric dipoles with ±1.05 e
[58]. In the present study we have tested two BNNT models with both sets of partial charges.
SMD simulations with constant velocity (L = 0.05 nm/ns)
showed that BNNT (PAC set #1), unlike CNT, remain filled
with 45 water molecules even in the hydrophobic core of
the lipid bilayer (Figs. 2a and 2b). Moreover, during the
penetration of BNNT into the membrane, a water defect
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was observed, which had the form of a several-water-molecule long tail behind the penetrant until a depth z = 0.4 nm
(Fig. 2b, t = 78 ns). The PMF profile has a local minimum
10 ± 5 kJ/mol at the membrane surface in the region of
2.42.6 nm from the bilayer center (Fig. 1, blue curve).
The magnitude of the free energy barrier reached at 2.1
2.3 nm can be roughly estimated as 10.3 ± 8.6 kJ/mol, which
is not far from the CNT case. Moving through the lipid
head groups region, BNNT (both charge sets), like CNT,
tend to be oriented parallel to the membrane surface, while,
after the penetration into hydrophobic core of the bilayer,
the nanotubes predominantly have transmembrane orientation and prefer to be parallel the lipid tails (Fig. 2). The
CNT and BNNT (set #1) PMF profiles are fairly similar,
the main difference being the depth of free energy well,
which is 30% smaller for BNNT ∆FBNNT ≈ 72 kJ/mol
(Fig. 1). The presence of this deep local free energy minimum inside the lipophilic bilayer region demonstrates the
predominant hydrophobic behavior of the considered
BNNT, which correlates with some experimental results of
wetting tests conducted in air [59, 60]. However, since the
penetrating single-walled BNNT, even with charges of
±0.4 e, retain water molecules inside them during the translocation through the bilayer, we also have to look at the
second case with partial charges ±1.05 e.
The evaluated PMF profile for the BNNT model having PAC of ±1.05 e differs substantially from the first
BNNT case (Fig. 1). In this case the BN nanotube behaves
as a hydrophilic nanoparticle and remains clothed in water
shell during the penetration process up to a distance z ≈
1 nm from the center of the membrane (Fig. 2c). The formation of such a stable water shell strongly hampers the
penetration of the nanotube into the hydrophobic core of
the lipid bilayer. During the pulling process, the PMF is
increasing and reaches values of up to 105 ± 21 kJ/mol at
the membrane center (Fig. 1, red curve). This means that
BNNT (set #2) is not stable inside the cell membrane and
that penetration is not energetically favorable, i.e. in this
case BN nanotubes do not spontaneously penetrate into and
do not accumulate in the cell membrane. Therefore, BNNT
with high partial charges would be less cytotoxic than the
pristine and even functionalized CNTs. Moreover, BNNT
(PAC set #2) has a quasi-stable configuration on the lipidwater interface, with PMF profile having a local minimum
of 11 ± 3 kJ/mol at a distance of 2.42.6 nm from the membrane midplane.
The free energy estimations for the two BNNT models
with their respective sets of PACs gave greatly differing
results. However, it can be speculated that the free energy
change for the real system may be in between the PMF profiles estimated for PAC set #1 and set #2. Additionally, in
accordance with the study by Won and Aluru, the (5, 5)
BNNT filled with water has the largest partial charges
among zigzag BNNTs (n, n) with n = 5, 6, 9, 10 [58]. Based
on this, it can be concluded that BNNTs with a larger diame-

ter would demonstrate more hydrophobic behavior, and that
zigzag (5, 5) BNNTs are at least less cytotoxic than (5, 5)
CNT.
A more accurate choice of partial charges or/and their
dependence on the environment will allow one to obtain
more reliable results.
4. Methods
The modeled systems were constructed using VMD
software [61] (http://www.ks.uiuc.edu/Research/vmd) and
our own C/C++ functions library MoleSkola. Equilibration
and SMD simulations were performed with the LAMMPS
package (Sandia National Laboratory) [62, 63] (http://lammps.
sandia.gov/index.html). The united atoms CHARMM36UA force field [55] based on CHARMM36 FF [64] was
used for lipids. The membrane was composed of 104 POPC
lipids, having implicit hydrogens in acyl chains. Water was
described with the TIP3P model [65]. The model of the
carbon (5, 5) SWNT was made in accordance with Kaukonen et al. [56]. Lennard-Jones parameters for NT carbon
atoms were σ = 0.3534 nm, ε = 0.2929 kJ/mol. Partial charges
of NT carbon was zero. The CNT diameter and length were
0.68 nm and 1.11 nm, respectively. The modeled boron nitride SWNT was zigzag as well, having chirality (5, 5). The
BNNT had a diameter of 0.69 nm and a length of 1.13 nm.
The Lennard-Jones parameters for B atoms were σ = 0.3453
nm, ε = 0.393 kJ/mol, and for NT nitrogen σ = 0.3365 nm,
ε = 0.602 kJ/mol, according to [38].
To describe BNNT electrostatics two different sets of
PACs were used according to estimations obtained with DFT
calculations by Won and Aluru [58]: PAC set #1: QB = 0.4 e,
QN = 0.4 e; set #2: QB = 1.05 e, QN = 1.05 e. The first set
corresponds to (5, 5) BNNT in vacuum, the second to BNNT
filled with water molecules.
The equilibration of each system was conducted in NVT
(constant volume and temperature) conditions with human
body temperature 310 K during 4 ns with 1 fs integration
step. All constant velocity SMD simulations were performed
in NPT thermo-barostat conditions [66]. Employing of the
United Atom POPC lipid model and the SHAKE algorithm
[67] for the remaining hydrogen atoms, allowed us to use a
time step of τ = 2 fs. The entire system size was about
20 thousand atoms, with initial simulation box dimensions
of 5.8×5.8×7.4 nm. The pairwise interaction cutoff was
1.2 nm with 1.0 nm switching distance. Long-range electrostatics was computed using the PPPM algorithm [68]
with a relative accuracy of 103.
Free energy analysis was performed by potential of mean
force (PMF) calculations [69] employing steered MD simulation with a constant velocity L = 0.05 nm/ns. In each simulation the initial position of the nanotube center of mass
was z = 3.5 nm, where z = 0 corresponds to the membrane
midplane. Total SMD simulation time was 290 ns for BNNT
set #1, 220 ns for set #2 and 80 ns for CNT.
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5. Conclusions
In this study, the free energy difference and barrier energy for the insertion of short boron nitride nanotubes into a
cell membrane were calculated and compared with those
for equivalently sized carbon nanotube. Two sets of partial
atomic charges on boron and nitrogen atoms were considered, resulting in BNNTs with a slightly hydrophobic or
hydrophilic behavior.
The potential of mean force analysis showed that BNNT
with PAC of ±0.4 e has a 30% smaller depth of free energy
well than the equivalently sized CNT. Moreover, CNT remained empty inside the lipid membrane whereas BNNT
brings in several water molecules. The penetration BNNT
with PAC of ±1.05 e into the cell membrane is energetically unfavorable, which indirectly indicates that in this case
BNNT would have a smaller impact on the cell membrane
and would be less cytotoxic than non-functionalized carbon nanotubes and nanoparticles.
It is important to note that the presented free energy
values are still only rough estimation, due to the relatively
high velocity of the pulling procedure we used, as well as
the limited accuracy of the partial atomic charges and their
assumed independence from the environment in the classical MD. For this reasons we regard our results as preliminary and recommend repeating the calculations using a
lower velocity, or to perform sampling with long time accumulation.
The next logical step in modeling BNNT interaction with
biological materials, in particular cell membranes, would
be to incorporate some regularities of environment-induced
charge alteration using, for example, simplified quantum
mechanics approaches.
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